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Hydrodynamics analysis of waves in two-dimensional degenerate electron gas with the account
of separate spin evolution is presented. The transverse electric field is included along with the
longitudinal electric field. The Coulomb exchange interaction is included in the analysis. In contrast
with the three-dimensional plasma-like mediums the contribution of the transverse electric field is
small. We show the decrease of frequency of both the extraordinary (Langmuir) wave and the spin-
electron acoustic wave due to the exchange interaction. Moreover, spin-electron acoustic wave has
negative dispersion at the relatively large spin-polarization. Corresponding dispersion dependencies
are presented and analyzed.
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I. INTRODUCTION
Collective excitations in spin-polarized electron gas
are considered as waves propagating in a plasma-like
medium. The quantum hydrodynamic (QHD) method
[1], [2] and its generalization for the separate spin evolu-
tion (SSE) [3] are applied for the theoretical modeling of
this system.
The SSE-QHD method is developed for the spin-
polarized degenerate electron gas [3]. Majority of pa-
pers on this subject are focused on three-dimensional
electron gas existing in magnetically ordered metals (see
for instance [4], [5]). However, it can be applied to the
spin-polarized electron-hole liquid in the regime of de-
generate carriers. It can be done similarly to the analy-
sis of the electron-positron plasmas [6]. Including differ-
ence of the effective masses of the electrons and holes or
(and) different concentrations of the electrons and holes,
we find more similarity between electron-hole liquid and
electron-positron-ion plasmas. Approximately, the SSE-
QHD may be applied for non-degenerate electron-hole
liquid, but it requires a modified equation of state and
account of the scattering processes leading to the damp-
ing of excitations.
The SSE-QHD allows to consider linear [4], [6] and
nonlinear [7] bulk spin-electron acoustic waves (SEAWs).
It also allows to consider the surface SEAWs [5] and
SEAWs in two-dimensional electron gas [8].
Spectrum of the plasma-like mediums is highly affected
by the transverse electric field at the wave propagation
perpendicular to the external field. The transverse elec-
tric field leads to formation of the extraordinary waves
instead of the Langmuir or upper hybrid waves for the
electrostatic regime [9]. Same effect was demonstrated
for the SEAWs [10]. Therefore, we pay special attention
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to the transverse electric field in two-dimensional electron
gas.
The collective excitations in the two-dimensional elec-
tron gas with no account of the spin polarization have
been studied for a long time [11], [12], including the
magnetoplasmons existing in the two-dimensional elec-
tron gas located in the external magnetic field [13], [14].
The spin-polarized two-dimensional electron gas exists
in the magnetic semiconductors. The study of SEAWs in
two-dimensional electron gas appeared by analogy with
bulk properties of the three-dimensional electron gas [3],
[4]. However, there is a relatively long history of theo-
retical and experimental study of the spin plasmons in
he spin-polarized two-dimensional electron gas (see for
instance [15], [16]). The spin plasmons show dispersion
and physical mechanism to the SEAWs. This similarity
shows that described above linear and nonlinear, bulk
and surface SEAWs can be considered as spin plasmons
in three-dimensional electron gas.
It seems that all analysis of spin plasmons [15] is fo-
cused on the quantum wells in the magnetized semicon-
ductors. Acoustic plasmon frequency is experimentally
measured and the results are compared with the values
calculated for spin polarized electrons and holes in p-
type A3B5 semiconductors [16]. Spin flip waves and spin
density fluctuations of a two-dimensional spin-polarized
electron-gas in a semimagnetic Cd10.008Mn0.008Te quan-
tum well are considered in Ref. [17]. A maximum value
of the spin polarization degree of 35 percent is deduced
from measurements. Collective excitations in the spin
polarized quantum well were also considered in Refs. [18],
[19], [20], [21]. Recently, the contribution of Rashba spin-
orbit coupling in the collective modes in two- and three-
dimensional electron systems considered in Refs. [22],
[23].
Large contribution of the exchange interaction in the
two-dimensional electron gas of GaAs microstructures
is demonstrated experimentally [24] and theoretically
within the local density approximation [25]. Hence, we
2consider the Coulomb exchange interaction contribution
in spectrum of the Langmuir waves (plasmons) and the
SEAWs (spin plasmons) in terms of the SSE-QHD. The
influence of the exchange interaction on the collective ef-
fects in a quantum well was analyzed in Ref. [26].
II. MODEL
We apply the SSE-QHD model developed in Ref. [3],
[4] and adopted for two-dimensional systems in Ref.
[8]. Since we are interested in analysis of the effects of
Coulomb exchange interaction we use generalization of
the SSE-QHD containing the exchange interaction [7].
However, Ref. [7] contains the exchange interaction for
the three-dimensional electron gas. We need to substi-
tute it in the similar way by the exchange interaction
in two-dimensional electron gas in accordance with Refs.
[27], [28]. We also use the full integral Maxwell equations
for the expressions of the electric and magnetic fields to
consider the contribution of the transverse electric field
in the waves in magnetized spin-polarized electron gas.
Overall we have the following set of four hydrodynamic
equations: the continuity equations
∂tns +∇(nsvs) = ±γ
h¯
(SxBy − SyBx), (1)
and the Euler equations
mns(∂t + vs∇)vs +∇ps
= qens
(
E+
1
c
[vs,B]
)
+ FSS,s, (2)
with the force field of spin-spin interaction
FSS,s = ±γens∇Bz + γe
2
(Sx∇Bx + Sy∇By)
± mγe
h¯
[(J(M)x − vsSx)By − (J(M)y − vsSy)Bx], (3)
containing the spin current
J(M)α =
1
2
(vu+vd)Sα−εαβz h¯
4m
(∇nu
nu
−∇nd
nd
)
Sβ , (4)
and the effective pressure
ps = pih¯
2n2s/m− ζ
8β
3pi
√
pi
q2en
3
2
d δsd, (5)
where we introduce β ≡ 24arsh1 = 24 ln(1 + √2) =
21.153 and
ζ = 1− (1− η)
3/2
(1 + η)3/2
. (6)
The electromagnetic field is caused by the charges,
electric currents and magnetic moments (spin) E =
−∇ϕ− ∂tA/c, B = Bext +∇×Aj +Bspin, where
ϕ(r, t) =
∑
s=u,d
qe
∫
ns(r
′, t− |r− r′|/c)
|r− r′| dr
′, (7)
Aj(r, t) =
∑
s=u,d
qe
c
∫
js(r
′, t− |r− r′|/c)
|r− r′| dr
′, (8)
and
Bspin(r, t) =
∫
[(M(r′, t′)∇)∇−M(r′, t′)△] 1| r− r′ |dr
′,
(9)
whereM(r′, t′) = M(r′, t−|r−r′|/c) is the magnetization
existed in point with coordinate r′ in an earlier moment
of time t′, with dr′ = dx′dy′ is the element of volume in
2D space.
III. LINEARIZED EQUATIONS
We consider the propagation of plane waves along the
Ox direction: k = {kx, 0, 0}. In the longitudinal waves
(the electrostatic waves), the perturbation of electric field
is parallel to the direction of wave propagation. However,
we consider the longitudinally-transverse waves. Hence,
we include the electric field perturbation along the Oy
direction: E = {Ex, Ey, 0}.
− ıωδns + ıkxn0sδvsx = 0, (10)
−ıωmn0sδvs+ıkδps = qen0sδE+mn0sΩe[δvs, ez], (11)
where Ωe = qeB0/mc is the cyclotron frequency. We
do not include the spin-spin interaction force field in the
Euler equation as a small effect.
The perturbation of electric field has the following con-
nection with the perturbation of concentration and the
velocity field
δE = −qe
∑
s=u,d
(
∇
∫
δns(r
′, t− |r− r′|/c)
|r− r′| dr
′
+
n0s
c2
∂t
∫
δvs(r
′, t− |r− r′|/c)
|r− r′| dr
′
)
. (12)
As it is demonstrated in Appendix for plane waves, the
perturbation of the electric field can be presented in the
following form:
δE = ıqe
∑
s=u,d
(
−ℑkδns + ℑ ω
c2
n0sδvs
)
. (13)
As we will see below the result of application of equa-
tions (10) and (11) is rather complicate. Thus, as an
intermediate step we consider the extraordinary waves in
2DEG in terms of the single fluid model of electrons.
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dispersion dependence ω/ω0 on the dimensionless wave vector
κ = k/
√
n0, where ω
2
0 = 2pie
2n
3/2
0e /m is a constant giving
a characteristic frequency. Parameters are presented in the
figure.
n , cm
G
=
2
5
B =10 ,0
h=0.1
10
13 -
lnk
x
without transverse
electric field
with transverse
electric field
FIG. 2: (Color online) The figure shows a considerable change
of the dispersion dependence at the small wave vectors due to
the transverse electric field of wave. We present the dimen-
sionless frequency ξ as a function of the natural logarithm of
the dimensionless wave vector ln κ.
IV. SINGLE FLUID MODEL OF ELECTRONS
AND EXTRAORDINARY WAVE DISPERSION
Linearized set of quantum hydrodynamic equations for
electrons considered as a single fluid is:
− ıωδne + ıkxn0eδvex = 0, (14)
− ıωn0eδvex+ ıkxU2e δne =
qe
m
n0eδEx+n0eΩeδvey , (15)
− ıωn0eδvey = qe
m
n0eδEy − n0eΩevex, (16)
where
δEx = qeℑı
(
−kxδne + ω
c2
n0eδvx
)
, (17)
δEy = qeℑı ω
c2
n0eδvy, (18)
and U2e = (1 + η
2)pih¯
2n0e
m2
e
− (1 + η)3/2ζ β
√
2pie2
pi2me
√
n0e.
Equations (14)-(18) lead to the following dispersion
equation for the longitudinally-transverse waves in spin-
polarized two-dimensional electron gas
ω2
(
1 +
1√
1− ω2k2c2
ω2Le
k2c2
)
− k2U2e
− 1√
1− ω2k2c2
ω2Le =
Ω2e
1 + 1√
1− ω2
k2c2
ω2
Le
k2c2
, (19)
where we have used the two dimensional Langmuir fre-
quency
ω2Le =
2pie2kn0e
m
∼ k. (20)
To drop the transverse electric field contribution we
should consider the limit case c → ∞. Thus, we find
the dispersion dependence for the longitudinal waves in
2DEG in the single fluid model of electrons (see for in-
stance [28])
ω2 = Ω2e + ω
2
Le + U
2
e k
2. (21)
In both regimes we find single branch of the dispersion
dependence.
Considering the linear perturbations we can compare
the contributions of the Fermi pressure and the ex-
change interaction. Their relative behavior can be de-
scribed by the following dimensionless parameter: Λ =
h¯2
me2
√
n0e [28]. More precisely, the Fermi pressure is
larger then the Coulomb exchange interaction if the con-
centrations of electrons satisfy the following condition
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FIG. 3: (Color online) The figure shows solutions of dispersion
equation (25) for regimes of two different concentrations at the
fixed spin polarization. In each regime we find two solutions:
the Langmuir wave and the SEAW.
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FIG. 4: (Color online) The figure shows dispersion dependen-
cies arising as solutions of equation (25) for regimes of two
different spin polarizations at the same concentrations and
external magnetic field. We assume that inner interaction
with ions of the medium give dominant contribution to the
spin polarization.
√
n0d >
2ζ
√
piβ
pi3(1+η2)
me2
h¯2
. It gives n0d(η = 0.1) = 6 × 1016
cm−2 or n0d(η = 0.01) = 7× 1015 cm−2.
Numerical analysis shows that the change of the dis-
persion dependence due to the transverse electric field is
very small, it arises in the regime of small wave vectors
only. Formulae (21) and (19) gives coinciding curves in
Fig. 1. The small change of spectrum exists at the small
wave vectors, as it is demonstrated in Fig. 2. Comparing
two curves in Fig. 1 we see that the Coulomb exchange
interaction gives considerable decrease of the dispersion
dependence of the Langmuir waves or the extraordinary
waves with the small contribution of the transverse elec-
tric field.
V. DISPERSION DEPENDENCE FOR
TWO-FLUID MODEL OF ELECTRONS
After the calculation of electromagnetic potentials the
linear SSE hydrodynamic equations (10), (11) can be pre-
sented in a local form as a set of algebraic equations:
δns = n0skxδvxs/ω, (22)
−ıωmn0sδvsx + ıkxmU2s δns = q2en0sıℑ
(
−kxδnu− kxδnd
+
ω
c2
n0uδvux +
ω
c2
n0dδvdx
)
+mn0sΩeδvsy , (23)
−ıωmn0sδvsy = q2en0sıℑ
(
ω
c2
n0uδvuy
+
ω
c2
n0dδvdy
)
−mn0sΩeδvsx, (24)
where U2s =
2pih¯2
m2 n0s − ζ 4βe
2
pi
√
pime
√
n0dδsd.
Substituting formula (22) to equations (23) and (24)
we obtain a set of four uniform algebraic equations. This
set has a nonzero solution if its determinant is equal to
zero. It leads to the following dispersion equation:
5(
1 +
ω2Ru + ω
2
Rd
k2c2
)[
(ω2 − k2U2u)(ω2 − k2U2d )− [ω2Ru(ω2 − k2U2d ) + ω2Rd(ω2 − k2U2u)]
(
1− ω
2
k2c2
)]
− Ω2e
{[
ω2 − k2U2u − ω2Ru
(
1− ω
2
k2c2
)](
1 +
ω2Ru
k2c2
)
+
[
ω2 − k2U2d − ω2Rd
(
1− ω
2
k2c2
)](
1 +
ω2Rd
k2c2
)}
+Ω4e = 0, (25)
where ω2Rs = q
2
en0sk
2ℑ/m = ω2Ls/
√
1− ω2/k2c2 is the
retarding Langmuir frequency.
In the electrostatic limit (c → ∞) we can drop the
transverse electric field contribution in equation (25) and
find the following dispersion equation:
(ω2−ω2Lu−Ω2e−k2U2u)(ω2−ω2Ld−Ω2e−k2U2d )−ω2Luω2Ld = 0.
(26)
It was derived in Ref. [8] (the dispersion equation is not
presented in the paper, but its solution is presented by
formula 7), it is also similar to results of earlier Ref. [15],
starting from the SSE-QHD in the electrostatic regime.
Both equations (25) and (26) have two solutions de-
scribing two branches of the wave dispersion depen-
dence: the Langmuir (plasmon) mode and the spin-
electron acoustic mode (spin-plasmon mode). Equation
(25) describes these waves in the regime of longitudinally-
transverse waves. In this case, similarly to three-
dimensional plasma-like mediums, we can call these wave
the extraordinary waves.
At the account of the SSE we find numerically negli-
gibly small contribution of the transverse electric field.
Hence, equations (25) and (26) give coinciding curves in
Figs. 3, 4.
In Fig. 3 we see that at larger concentrations the di-
mensionless frequency of the Langmuir waves (the pair
of upper curves) has smaller value and growth rate.
The SEAWs (the pair of lower curves) have considerable
smaller dimensionless frequencies at the larger concen-
tration, but the growth rate becomes larger at the larger
concentration.
As we see from Fig. 4 the increase of the spin polar-
ization leads to the decrease of the frequencies of both
waves. This effect reveals itself more in the SEAW spec-
trum. The exchange interaction decreases the SEAW fre-
quency down to negative group velocity. Further increase
of the spin polarization decreases the area of SEAW ex-
istence since its frequency goes down to zero value at the
accessible wave vectors κ < 1.
VI. CONCLUSION
We have considered waves in the magnetized two-
dimensional electron gas located in the external con-
stant uniform magnetic field directed perpendicular to
the plane. We have payed attention to both the longitu-
dinal and the transverse parts of the electric field of the
wave perturbation propagating in the spin-polarized de-
generate two-dimensional electron gas. Considering all
electrons as the single fluid we find one wave solution:
the extraordinary wave or the hybrid wave in the elec-
trostatic limit. It was recently demonstrated that the
account of the SSE in 2DEG with equilibrium spin po-
larization leads to the second branch: the SEAW. It was
done in the longitudinal (the electrostatic limit) regime.
Change of the dispersion dependence of the SEAWs at
the account of the transverse electric field contribution
in the wave propagation which forms the extraordinary
SEAW has been demonstrated.
The influence of the Coulomb exchange interaction on
the propagation of waves in 2DEG has been studied in
both regimes: the single fluid model of electrons and the
SSE-QHD.
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VIII. APPENDIX: INTEGRALS FOR
POTENTIALS OF ELECTROMAGNETIC FIELD
δϕ = qe
∑
s=u,d
∫
δns(r
′, t− |r− r′|/c)
|r− r′| dr
′ (27)
δA =
qe
c
∑
s=u,d
n0s
∫
δvs(r
′, t− |r− r′|/c)
|r− r′| dr
′ (28)
We consider the plane wave perturbations δf =
Fe−ıωt+ıkr which leads to∫
δf(r′, t− |r− r′|/c)
|r− r′| dr
′ =
= F
∫
e(−ıω(t−|r−r
′|/c)+ıkr′)
|r− r′| dr
′ =
6= Fe−ıωt+ıkr
∫
e(ıω(|r−r
′|/c)+ık(r′−r))
|r− r′| dr
′ =
= δf
∫
eıωξ/c+ıkξ cosϕdϕdξ = ℑδf, (29)
where
ℑ ≡
∫
eıωξ/c+ıkξ cosϕdϕdξ. (30)
As the result of calculation of integral (30) we find
ℑ = 2pi
k
1√
1− ω2k2c2
. (31)
Substituting our results in the expressions for δϕ and δA
we have
δϕ = qeℑ(δnu + δnd), (32)
δA =
qe
c
ℑ(n0uδvu + n0dδvd). (33)
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